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Abstract: In this present paper, we introduce two new subclasses HE (a, §, \, u, o)
and H%(B,0, A\, i1, 0) of normalized analytic bi-univalent functions defined in the
open unit disk and associated with generalized differential operator. Further, we
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1. Introduction and Preliminaries

Let A be the class of analytic functions f defined in the open unit disk U =
{z € C: |z| < 1} and normalized by conditions f(0) =0 and f’(0) = 1. The series
expansion of f € A is given by

f(2) :z—i-ianz”, zeU. (1.1)
n=2

Let S denote the subclass of A containing all univalent functions in U. A function

f € S is said to be starlike of order a (0 < aw < 1) if R (ﬁé’?) > «a. A function

f € S is said to be convex of order a (0 < o < 1) if R <1 + ZJ{/”(Z)) > a. The

(2)
classes of starlike functions of order o and convex functions of order o are denoted

by S*(a) and K(a). Each function f € S is invertible for some part of unit disk
U. In fact, the Koebe one quarter Theorem [1] ensures that, f~! exists at least on
{2 € C:|z| < 1/4}. Thus every f € S has an inverse f~' which is defined by

f7(f2) =2 =€U

and
fUfFHw) =w,  Jwl <r(f), r(f)>1/4

where,
fHw) = w — aw?® + (2a9 — az)w® — (5a3 — bagas + ag)w* + - - - . (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in
U. Let X denotes the class of bi-univalent functions. For brief history of the class
¥, see Srivastava [20].

Bi-univalent functions serve as essential objects of study in complex analysis,
offering insights into the behavior and structure of analytic functions. The study
of bi-univalent functions is particularly rich due to their connections with various
geometric properties. Bounds on the coefficients of the Taylor series expansion of
such functions are indicative of their geometric behavior and analytic properties.
Thus, coefficient estimates play a crucial role in analyzing the geometric behavior
of any function. Consequently, numerous investigators obtained coefficient bounds
for various subclasses of class X.

Lewin [12] initiated this journey in 1967 by introducing the class ¥ and demon-
strating that |as| < 1.51. Subclasses of the bi-univalent functions of class 3, similar
to the well-known subclasses S*(«) and (), were introduced by Branan and Taha
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[21]. Additionally, a subclass of strongly bi-starlike functions of order o (0 < @ < 1)
and denoted by S% was introduced by Branan and Taha [3].
In [7], Frasin defined the subclass S(«, p, o) of analytic functions f satisfying

the following condition
(n—0)zf'(2) }
R
{fmz) —flonf "

for some 0 < a < 1, p,0 € C with |u| < 1,|0] < 1;u # o and for all z € U.
We also denote by T'(«, p, o) the subclass of A consisting of all functions f(z)
such that zf'(z) € S(a, p,0). The class S(a, 1,0) was introduced and studied by
Owa et. al. [15]. When o = —1, the class S(a,1,—1) = S,(a) was introduced
by Sakaguchi [18] function of order « (see also [16]), where as S,(0) = S, is the
class of starlike functions with respect to symmetrical points in U. Also, note that
S(a,1,0) = S*(a) and T(c, 1,0) = K(«).

In [5], Darus et.al. defined the differential operator Df ;f(z) defined as follows.
Let f € A. The operator DY ; : A — A given by,

Df sf(z —z+21—|—n—1 "O(8,n)anz", k€ Ny, A\ d >0 (1.3)

n+d0-1\y  TI'(n+9)
) ST +1)

Let us consider,

Dl)f?f@) — (1=X\)Dj sf(z)= |2+ Z (14 ( INFLC(6,n)a, 2"

1_

z+21+ (n — DN*C(8,n)a,2"

=2+ ) (1+(n—1NCE)[(1+ (n—1)A) = (1= N)]a,z"

= Az(D}5f(2))"

Thus, we have

A2(D5 5 f(2)) = D35 f(2) = (1= ) DX 5f (). (1.4)
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Here, we observe that if § = 0, we get differential operator defined by Al-Oboudi
[1], for k& = 0 we obtain Ruscheweyh differential operator [17] and for A = 1 and
d =0, we get Salagean differential operator [19].

In this paper, results are obtained by using the following Lemma.

Lemma 1. [1] If P € P then |c,| < 2, (n € N), where, P is the family of
all functions P, analytic in U, for which R{P(z)} > 0, (z € U), where P(z) =
1+C12+0222+C323+"' .

We assume throughout this paper that A\,d > 0;k € Ny; u, 0 € C with |ul, |o]| <
14 # o.

In [7], Frasin defined the subclass S(o, i, o) which is generalization of S,(«)
introduced by Sakaguchi [18] and the functions in this class are called asSakaguchi
function of order a. The study of the Sakaguchi function and its properties is
significant in understanding the behavior of univalent functions, particularly in
the context of geometric function theory. Motivated by earlier works of Frasin
[7], Srivastava [20] and Frasin and Aouf [9], Lewin [12] and Branan and Taha [21]
and Darus et.al. [5] (See also [4, 8, 13, 10, 11, 14, 22]), we have defined two new
subclasses HE (o, 0, \, i, 0) and HE(B,5,\, i, 0) by using generalized differential
operator and estimated the Taylor-Maclaurin coefficients |as| and |as| for functions
in each of these bi-univalent classes.

2. Coefficient bounds for the functions in the class HE(a, d, \, i, o)

Definition 1. A function f(z) given by (1.1) is said to be in the class HE (o, 0, \, p1, o)
if the following conditions are satisfied:

feXand

2 I

( (1 — 0)2(D5,5(2))"
arg

DX sf(uz) — D')f’(;f(az)> ' <—; (0<a<lzel) (21)

and

< (1 — o)w (D5 s9(w))
arg

T
<—; (O<a<lwel 2.2
DY s9(pw) — D’{AGUJ)) ‘ 2 ( ) (2.2)

where the function g is given by (1.2).
Now we begin to find the estimates on the coefficients |as|, |as| for the function
in the class H& (o, 6, \, 1, 7).

Theorem 2.1. Let the function f(z) given by (1.1) be in the class HE (o, 5, \, i, 7).
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Then
0] < 200
12a(1 + N0 4+ 1) (1 4 2u0 + 0% — 2p — 20) 4+ a1+ 20)5(5 +1)(6 + 2)
B—p?—po—o?)+(1—a)(1+N*6E+1)%*2—p—0)?
(2.3)
las| < 4o N 4o .
(L+XO+ 122 = p=0)?[ (L+ 2050 +1)(0 +2)[(3 = p* — po = a?)|
(2.4)

Proof. From (2.1) and (2.2), we have

= DRI
(D];,af(ﬂz> - D’,{(;f(az)) = [p(2)] (2.5)

and .
— D /
(ku o)uw( A,ig(w)) — g (2.6)
DA,(;Q(NU)) - DA,&Q(UU’)
where p(z) and ¢(w) in P and represented as
p(z) =1+ cr1z+c2® + 32 + - - (2.7)
and
q(w) =1+ dyw + dow? + dgw® + -+ - . (2.8)
Using (1.3) and (1.4) in (2.5) and (2.6), we have the following relations:
1+ N0+ 1)(2—p—0)ay = acy (2.9)
d+1)(0+2
(14 2/\)]“%(3 — i — po — o*)az+
ala—1) (2.10)
(T+ N5+ 1) (1 + 2u0 + 0> — 2 — 20)a3 = acy + TC%
and
—(A4+ NS +1D)(2—p—0)ag = ad, (2.11)
d+1)(0+2
C a0t DO e ey (1 )G+ 1) + 20+ o

— 21 —20) + (1 + 200+ 1)(0 +2)(3 — p* — po — 0%)]aj = ads + wc{f.
(2.12)
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From (2.9) and (2.11), we get
C1 = —d1 (213)

and
2014+ N (6 + 1)2a3(2 — p — 0)* = (A + d3). (2.14)

Now adding (2.10) and (2.12), we obtain that

[2(1 4+ N5 + 1) (p® + 2u0 + 0% — 21 — 20) + (1 +20)*(0 + 1)(6 + 2)

ala—1) (2.15)

(3 — p? — po — o?)]az = afcy + do) + (cf +di).

From (2.14) and (2.15), we have

2 a?(co + dy)
2 201+ N0+ 1)2 (12 + 2u0 + 02 — 2 — 20) + a1 + 2056 + 1)(6 + 2)
(B—p?—po— o)+ (1 =)L +X)*0+1)*@2~p—0)
Applying Lemma 1 for the coefficients ¢, and ds, we get
2a

|as| <
’ \/\za(l + AR+ D2 (p? + 2p0 + 0% — 21 — 20) + a1 + 2056 + 1)(6 + 2)

B—p—po =)+ (1 -a)1+N*0+1)*2—pu—0)?|
Now we find bound on |asz|, by subtracting (2.12) from (2.10), we obtain

(1+20)2%(0 4+ 1)(0 +2)(3 — p? — po — 0%)az — (1 +20)**(6 + 1)(6 +2)

ala—1 (2.16)
34— o~ o%)ad = ales — do) + D (& - )
From (2.13) and (2.14), (2.16) becomes
(et +d?) a(cy — do)

BT NFG 122 0P (11206 D0 +2)3 12 — o —o?)

Now applying Lemma 1 for the coefficients ¢y, ¢o, d; and ds, we have

402 4o
T+ AN2k0+1)2(2—p— 0)2\+(1 +20)F(6 + 1)(0 + 2)[(3 — 2 — po — o?)|

las| <
(

Which is desired estimate of |as| as given in Theorem 2.1.
Putting £ = 0 in Theorem 2.1, we get the following Corollary.
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Corollary 1. If f(z) given by (1.1) be in the class HY:(a, d, 1, 0),0 < a < 1 then

2
|ag| <

- \/|2a(5 + 1)1 + 200 + 0% = 20— 20) + (6 + 1) (0 +2)(3 — p* — po — o?)
+(1—a)(0+1)*2—p— 0)2‘

and

4042 n Aoy
d+122—p—0)?  (6+1)(0+4+2)|(3—pu?—po—o?)|

lag| <
(

Putting 0 = 0 in Corollary 1, we get the following Corollary.
Corollary 2. [2] If f(2) given by (1.1) be in the class H% (o, p,0), 0 < a < 1 then

2
jas| < c
VI2a(po +3 —2p—20) + (1 —a)(2 — p— 0)?|
and
as] < 402 N 200
as| > .
2—p—0)?| |- p*—po—o?)

Putting 4 =1 and ¢ = —1 in Corollary 2, we get the following Corollary.

Corollary 3. [2] If f(z) given by (1.1) be in the class H%(a,1,—1), 0 < a < 1
then
las] < a and Jas| < a(a+1).

Putting 4 = 1 and o = 0 in Corollary 2, we obtain well-known the class S&|[a]
of strongly bi-starlike functions of order av and we get the following Corollary.

Corollary 4. [4] If f(z) given by (1.1) be in the class S&[a], 0 < o < 1. Then

2x

las| < and |az| < a(da +1).

3. Coefficient bounds for the functions in the class HE(3,5,\, i, o)

Definition 2. A function f(z) given by (1.1) is said to be in class HE(B, 5, \, p, o)
if the following conditions are satisfied.

(1 —0)2(Dysf(2))
Dliéf(ﬂz) - Dli,af(UZ

fex and ER{ )}>ﬁ; 0<p<1,zelU) (3.1)
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and

5 { (1 = o)w(D§ 59(w))’
D5 s9(pw) — DX s9(ow)

where the function g is given by (1.2).
Theorem 3.1. Let function f(z) given by (1.1) be in class HE(B,0,\, u,c). Then

41 -5

}>ﬁ; (0< B<1,z€l), (3.2)

laz] < 201+ N6 + 1)2u® + 200 + 02 — 2 — 20|+
(1+20)%(6 + 1)(6 +2)|3 — p® — po — o°
(3.3)
and
‘a ‘< 4<1_ﬁ> + 4(1_5)2
T A2+ 1)(6+2)[3— p2 — po — o2 (T+ N2k +1)2)(2 — p— ?)2\)
3.4

Proof. It follows from (3.1) and (3.2), that there exists p and g € P such that

(n—0)2(D5 5 f(2))
D’i‘;f(uZ) - D§,5f(02)

=B+ 1 =p)p(2) (3.5)

and
(1 — o)w(D5 59(w))’

D5, s9(pw) — D5 s9(ow)

=B+ 1= Pqw) (3.6)

) are given by (2.7) and (2.8).
4) in (3.5) and (3.6), we obtain the following relations:

L+N"E+DE2-p—0)az=(1~Pa (3.7)

where p(z) and g(w
Using (1.3) and (1.

(1+ ZA)kW(i’) — p? — po — o?)as (3.8)

+ (1 + X0+ 1)1 + 200 + 0° — 2 — 20)a3 = (1 — By
and
~A+NO+DE2 - p—0)az=(1-Pd (3.9)
(142050 4+ 1)(6 +2)(3 — pi® — po — o) + (L + N2 (5 + 1)*(u? + 2u0 + o>
O+D0+2) - g,

2= 20)]a} — (3 — ¥ — po — ") (1 + 205
(3.10)
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From (3.7) and (3.9), we have
¢ = —d, (3.11)

and
20+ M*(E+ 122 —p—0)%ak = (1 - B)* (3 + d3). (3.12)

Now by adding (3.8) and (3.10), we deduce that
(1= B)(c2 + da)
[2(1 4+ X)*(6 +1)* (0 4 2u0 + 0% — 2 — 20)+
(L4205 +1)(6 +2)(3 — > — po — o?)]

2 _
a/2_

Now applying Lemma 1 to coefficients ¢ and ds, we get

41 -5
201+ N)*(6 + 1)?|p® + 2u0 + 0 — 2 — 20|+
(142055 + 1)(8 +2)|3 — pi? — po — o?|

|az| <

which is required estimate on |as|.
Now to find the bound on |as|, subtracting (3.10) from (3.8), we get

2(1 + QA)’CW(B —u? — o — o®az — (14+20)"(5 +1)(6 + 2)

(38— p* = po —o*)az = (1 - B)(cz — da).
Using (3.12) in (3.13), we get

(1 = B)(c2 — da) n (1= B)*(ci +di)
(1+20)F0+1)(0+2)(3—p2 —po—02) 21+ X2 6+ 1)2(2—pu—0)*

(3.13)

as =

Applying Lemma 1, we get

10— . A1 -y
L4200+ 1) (0 +2)[3 —p?2 —po— 02| (14+ N6+ 1)2%[(2—p —(0)2|)‘
3.14

las] <
(

Which is required estimate on |as|.
Putting £ = 0 in Theorem 3.1, we have the following Corollary.

Corollary 5. Let f(z) given by (1.1) be in the class HX(3,0, 1, 0). Then

4(1 - )
<
el = \/2(5+ D22 + 2p0 + 0% =25 =20+ (0 + 1)(6 + 2)[3 — p* — po — 0|
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and

11— ) Ly
S+ 1)(6+2)3—p2—po—0?  (0+1)?2—p—0)?
Putting 0 = 0 in Corollary 5, we get the following Corollary.
Corollary 6. [2] Let f(z) given by (1.1) be in the class HY (B, p,0). Then

0] < 2(1-5) ond o] < 2(1-5) L _41=p
~ B+ po —2u — 20 T B-pwr—po—o?  [2—p—0)

lag| <
(

Putting = 1 and 0 = —1 in Corollary 6, we get the following Corollary.
Corollary 7. [2] Let f(z) given by (1.1) be in the class H% (58,1, —1). Then

o] < /1 =0 and |ag| < (1= 5)(2 - P).
Putting p =1 and o = 0 in Corollary 6, we get the following consequence.

Corollary 8. [13] Let f(z) given by (1.1) be in the class S5(5). Then
0o < VAL F) and Jas| < (1— B)(5 — 45).

4. Conclusion

The new subclasses of class of bi-univalent functions in U, H%(«, 6, A, i1, o) and
HE (o, 6, A\, 1, o) have been presented by using generalized differential operator and
also we have estimated the Taylor-Maclaurin coefficients |as| and |as| for functions
in each of these bi-univalent classes. After using particular values for parameters
used in our main results we obtain results proved by authors [13, 2, 4] and several
other new results were discovered. The results obtained in this paper are not sharp
and it is open for others to prove their sharpness, also for |a,|,n > 4.
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